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(3.11.5) Let f be a mapping of a metric space E into a metric space E', g a
mapping ofE' into a metric space E"; iff is continuous at x0, and g continuous
atf(x0), then h=g of is continuous at xq . Iffis continuous in E and g con-
tinuous in E', then h is continuous in E.
The second statement obviously follows from the first. Let W" be a
neighborhood of h(x0) = g(f(x0)); then, by (3.11.1) and the assumptions,
0-\W') is a neighborhood of/(jc0) in E', and/~1(0~1(W)) a neighborhood
of *0 in E; but/^-^W")) = h~\Wf). In particular:
(3.11.6)   Iffis a mapping ofE into E', continuous at xQ9 and F a subspace
ofE containing x0, then the restriction off to F is continuous at x0.
For that restriction is the mapping fojF,jF being the natural injection
of F into E, which is continuous.
Note however that the restriction to a subspace F of a mapping/: E -> E'
may be continuous without/being continuous at any point of E; an example
is given by the mapping /: R -» R which is equal to 0 in the set Q of rational
points, to 1 in its complement ("Dirichlet's function"); the restriction of/
to Q is constant, hence continuous.
A uniformly continuous mapping of E into E' is a mapping such that for
every e > 0, there exists a d > 0 such that the relation d(xy y) < 5 implies
d'(f(x),f(y)) < e. From this definition and (3.11.2), it follows that
(3.11.7)   A uniformly continuous mapping is continuous.
The converse is not true in general: for instance, the function x-+x2
is not uniformly continuous in R, since for given a > 0, the difference
(x + a)2 - x2 = a(2* 4- a) can take arbitrarily large values (see however
(3.16.5)).
The examples given above (constant mapping, natural injection) are
uniformly continuous.
(3.11.8)   For any nonempty subset A of E, x-+d(x, A) is uniformly con-
tinuous.
This follows from the definition and (3.4.2).

